Energies of 5lj (l = s, p, d, f, g) and 4fj states in neutral Ag and Ag-like ions with nuclear charges Z = 48 − 100 are calculated using relativistic many-body perturbation theory. Reduced matrix elements, oscillator strengths, transition rates and lifetimes are calculated for the 17 possible 5lj − 5l j and 4fj − 5l j electric-dipole transitions. Third-order corrections to energies and dipole matrix elements are included for neutral Ag and for ions with Z ≤ 60. Second-order corrections are included for Z > 60. Comparisons are made with available experimental data for transition energies and lifetimes. Correlation energies and transition rates are shown graphically as functions of nuclear charge Z for selected cases. These calculations provide a theoretical benchmark for comparison with experiment and theory.
I. INTRODUCTION
This work continues earlier third-order relativistic many-body perturbation theory (RMBPT) studies of energy levels of ions with one valence electron outside a closed core. In Refs. [1] [2] [3] third-order RMBPT was used to calculate energies of the three lowest states (ns 1/2 , np 1/2 , and np 3/2 ) in Li-, Na-, and Cu-like ions along the respective isoelectronic sequences, while in the present work, third-order RMBPT is used to calculate energies of the eleven lowest levels, 5s 1/2 , 5p j , 5d j , 4f j , 5f j , and 5g j in Ag-like ions. It should be noted that the n = 1, 2, and 3 cores of Li-, Na-, and Cu-like ions are completely filled, by contrast with Ag-like ions, where the n = 4 core [Cu + ]4s 2 4p 6 4d 10 is incomplete.
Third-order RMBPT calculations of 5s 1/2 − 5p j transition amplitudes in Ag-like ions up to Z=60 were previously performed by Chou and Johnson [4] . In the present paper, we extend the calculations of [4] to obtain energies, reduced matrix elements, oscillator strengths, and transition rates for the 17 possible 5l j − 5l j and 4f j − 5l j E1 transitions. Additionally, we evaluate lifetimes of excited states. Most earlier theoretical studies of Ag-like ions were devoted to oscillator strengths and lifetimes [5, 6] rather than energy levels; an exception is the work of Cheng and Kim [7] in which energies, oscillator strengths and lifetimes of levels in Ag-like ions were calculated using relativistic Dirac-Fock (DF) wave functions [8] . In the present paper, we use RMBPT to determine energies and lifetimes of 4f j and 5l j levels in neutral Ag and Aglike ions with Z = 48 -100. We compare our results with experimental data from Refs. [9] [10] [11] [12] [13] [14] [15] [16] [17] .
II. ENERGY LEVELS OF AG-LIKE IONS
Results of our third-order calculations of energies, which were carried out following the pattern described in [1] , are summarized in Table I , where we list lowestorder, Dirac-Fock energies E (0) , first-order Breit energies B (1) , second-order Coulomb E (2) and Breit B (2) energies, third-order Coulomb energies E (3) , single-particle Lamb shift corrections E LS , and the sum of the above E tot . The first-order Breit energies B (1) include corrections for "frequency-dependence", whereas second-order Breit energies are evaluated using the static Breit operator. The Lamb shift E LS is approximated as the sum of the one-electron self energy and the first-order vacuumpolarization energy. The vacuum-polarization contribution is calculated from the Uehling potential using the results of Fullerton and Rinker [18] . The self-energy contribution is estimated for s, p 1/2 and p 3/2 orbitals by interpolating among the values obtained by Mohr [19, 20, 21] using Coulomb wave functions. For this purpose, an ef- -11173 3139  83  -180 138  -58369  -124568 -13505 3321  150  -264 162  -134703  5p 1/2  -26730  -4217  680  34  -60  -2  -30296  -84903  -7731 1614  107  -143  -3  -91058  5p 3/2  -26148  -3872  617  23  -50  7  -29423  -82871  -7176 1477  76  -130  8  -88615  5d 3/2  -11982  -328  36  1  -11  -2  -12287  -45147  -1531  236  14  -36  -2  -46466  5d 5/2  -11967  -323  34  1  -12  2  -12265  -45010  -1503  230  11  -38  2  -46308  4f 5/2  -6860  -37  5  0  0  -2  -6894  -27540  -361  53  0  0  -2  -27850  4f 7/2  -6860  -37  5  0  0  2  -6890  -27543  -361  52  0  0  2  -27849  5f 5 fective nuclear charge Z eff is obtained by finding the value of Z eff required to give a Coulomb orbital with the same average r as the DHF orbital.
We find that correlation corrections to energies in neutral Ag and in low-Z Ag-like ions are large, especially for 5s states. For example, E (2) is 22% of E (0) and E (3) is 28% of E (2) for the 5s state of neutral Ag. These ratios decrease for the other (less penetrating) states and for more highly charged ions. Despite the slow convergence of the perturbation expansion, the 5s energy from the present third-order RMBPT calculation is within 5% of the measured ionization energy for the 5s state of neutral Ag and improves for higher valence states and for more highly charged ions. We include results for neutral Ag and five Ag-like ions with Z = 48, 53, 54, 57, and 58 in Table I . For each ion, the states are ordered by energy and the order changes with Z. For example, the 4f 5/2 and 4f 7/2 states are in the sixth and seventh places for neutral Ag and Ag-like ions with the nuclear charge Z < 53, in the fourth and fifth places for ions with Z = 53 − 56, the second and third places for ions with Z = 57− 61, and the first and second places for ions with Z ≥ 62. It should be mentioned that the difference in energies of 5s and 4f 5/2 states is about 244 cm −1 for Z = 61 which may exceed the accuracy of the present calculations.
Below, we describe a few numerical details of the calculation for a specific case, Pm 14+ (Z= 61). We use B-spline methods [22] to generate a complete set of basis DF wave functions for use in the evaluation of RMBPT expressions. For Pm 14+ , we use 40 splines of order k = 7 for each angular momentum. The basis orbitals are constrained to a cavity of radius 10 a.u. for Pm 14+ . The cavity radius is scaled for different ions; it is large enough to accommodate all 5l j and 4f j orbitals considered here and small enough that 40 splines can approximate innershell DF wave functions with good precision. We use 35 out 40 basis orbitals for each partial wave in our thirdorder energy calculations, since contribution of the five highest-energy orbitals is negligible. The second-order calculation includes partial waves up to l max = 8 and is extrapolated to account for contributions from higher partial waves. A lower number of partial waves, l max = 6, is used in the third-order calculation. We list the secondorder energy with l max = 6, the final value of E (2) extrapolated from l max = 8 and the contribution from partial waves with l > 6 in Table II . Since the asymptotic ldependence of the second-and third-order energies are similar (both fall off as l −4 ), we may use the secondorder remainder as a guide to extrapolating the thirdorder energy, which is listed, together with an estimated remainder from l > 6 in the fifth and sixth columns of Table II . We find that the contribution to the third-order energy from states with l > 6 is more than 300 cm −1 for 4f states of Pm 14+ .
In Fig. 1 , we illustrate the Z dependence of the secondorder energy E (2) for 4f , 5s, 5p, 5d, 5f , and 5g states of Ag-like ions. As we see from this figure E (2) slowly increases with Z for most values of Z. We observe sev- eral sharp features in the curves describing 5d 3/2 states (Z=72), 5f 5/2 states (Z=89), and 5g 7/2 states (Z=63). These irregularities have their origin in the near degeneracy of one-electron valence states with two-particle one-hole states of the same angular symmetry, resulting in exceptionally small energy denominators in doubleexcitation contributions to the second-order energy. To remove these irregularities, the perturbative treatment should be based on a lowest-order wave function that includes both one-particle and two-particle one-hole states.
The singularities in the second-order 5d 3/2 energy at Z = 72 in Fig. 1 Fig. 1 have similar explanations.
Results and comparisons for energies
As discussed above, starting from Z = 62 the secondorder energy for one-particle states has irregularities associated with nearly degenerate two-particle one-hole states. These near degeneracies, of course, lead to similar irregularities in the third-order valence energy. The importance of third-order corrections decreases substantially with Z, it contributes 6% to the total energy of the 5s state for neutral Ag but only 0.3% to the total energy of the 5s state of Ag-like Ce, Z = 58. Thus, omission of the third-order corrections is justified for ions with Z > 60.
We compare our results for energy levels of the 5l j and 4f j states with recommended data from the National Institute of Standards and Technology (NIST) database [23] in neutral Ag and Ag-like ions with Z = 48 − 50 in Table III . Although our results are generally in good agreement with the NIST data, discrepancies were found. One cause for the discrepancies is that fourth-and higherorder correlation corrections are omitted in the theory. Another possible cause may be the large uncertainties in the experimental ionization potentials of ions with Z = 49 and 50 in Ref. [23] . We also find unusually large discrepancies in the values of 5d 3/2 − 5d 5/2 splittings for ions with Z = 49 and 50. Additional tables are included in the accompanying EPAPS document Ref. [24] , where we give energies of 5l j and 4f j states in Ag-like ions for the entire isoelectronic sequence up to Z = 100.
III. LINE STRENGTHS, OSCILLATOR STRENGTHS, TRANSITION RATES, AND LIFETIMES IN AG-LIKE IONS
We calculate reduced electric-dipole matrix elements using the gauge-independent third-order perturbation theory developed in Savukov and Johnson [25] . The precision of this method has been demonstrated for alkalimetal atoms. Gauge-dependent "bare" dipole matrix elements are replaced with gauge-independent randomphase approximation (RPA) matrix elements to obtain gauge-independent third-order matrix elements. As in the case of the third-order energy, a limited number of partial waves with l max < 7 is included. This restriction is not very important for the ions considered here because the third-order correction is quite small, but the truncation gives rise to some loss of gauge invariance.
We solve the core RPA equations iteratively. In our calculations, we set the number of core iteration to 10 to save computation time; for convergence to machine accuracy, about 50 iterations are needed at low Z. For example, for the 5p 3/2 −5s transition in neutral Ag, firstorder length and velocity matrix elements are 4.30225 and 4.26308, respectively. The corresponding RPA values are 3.77755 and 3.96707 after one iteration; they become 3.82599 and 3.82636 after 10 iterations. The final thirdorder gauge-independent results are 3.41726 and 3.41745 for this matrix element in length and velocity forms, respectively.
The results of our third-order calculations are summarized in Table IV , where we list oscillator strengths for 5s−5p, 5p−5d, 4f −5d, and 4f −5g transitions in neutral Ag and low-Z Ag-like ions with Z = 48 − 60. (1) , second order S (2) , and third order S (3) . The firstorder result, which is gauge-dependent, is given in length form. The second-, and third-order results are gauge independent. In Table V , we present line strengths for 5s−5p, 5p−5d, 4f − 5d, and 4f − 5g transitions in Xe 7+ . The values calculated in length form in first, second, and third approximations are listed in columns S (1) , S (2) , and S (3) , respectively. The difference between second-order values S (2) and third-order values S (3) is much smaller than the difference between S (1) and S (2) . The second-order corrections change S
(1) by 20 -50 %. The addition of the third-order corrections modifies line strengths by 5 -10 %. The first approximation is just the frozen-core DF approximation and the first-order line strengths S (1) in Table V are very close to the earlier DF calculations by Cheng and Kim [7] .
Z dependence of transition rates
Trends of the Z dependence of transition rates are shown in Fig. 2 . The 5s − 5p, 5p − 5d, 4f − 5d, and 4f − 5g transition rates are shown in Fig. 2 a, b, c, d , respectively. All graphs are plotted using second-order data for consistency. The Z dependences of the transition rates for 5s−5p transitions shown in Fig. 2a and two 5p−5d transitions shown in Fig. 2b are smooth; however, all other Z dependences shown in Fig. 2 contain sharp features. The sharp feature in the curve describing the 5p 3/2 − 5d 5/2 transition rates (Fig. 2b) is explained by irregularity in the curve describing the 5d 5/2 energy shown in Fig. 1b . This irregularity in the energy Z dependence was already discussed in the previous section.
The sharp minima in the region Z = 52 − 54 in the curves describing the 4f − 5d transition rates shown in Fig. 2c are due to inversion of the order of 4f and 5d energy levels. In the region Z = 52− 54 the 4f − 5d transition energies become very small resulting in the small transition rates. The second sharp feature in the curves describing the 4f − 5d transition rates shown in Fig. 2c occurs in the region Z = 72 -73 and results from the Ref. [9] b Ref. [10] c Ref. [11] d Ref. [12] e Ref. [13] f Ref. [14] g Ref. [15] h Ref. [16] i Ref. [7] irregularity in the second-order correction to the 4f − 5d dipole matrix elements. Below, we describe some details of the calculation to clarify this issue.
A typical contribution from one of the second-order RPA corrections to dipole matrix element (v − v ) has the form [26] 
Here, the index b designates a core state and index n designates an excited state. The numerator is a product of a dipole matrix element D nb and a Coulomb matrix element X k (vnv b). For the special case of the 4f 5/2 − 5d 3/2 transition, the energy denominator for the term in the sum with n = 4f 5/3 and b = 4d 5/2 is 
Again, as in the case of the second-order 4d 3/2 energy, there is a nearly zero denominator when the lowest-order energies of the 5d 3/2 and (4d 5/2 ) −1 (4f 5/2 ) 2 states are close. The cause of this irregularity is once again traced to the near degeneracy of a single-particle state and a two-particle one-hole state. The remaining irregularities for Z > 60 in the curves presented in Fig. 2 have similar origins.
Results and comparison for lifetimes
We calculate lifetimes of 5l j and 4f j levels in neutral Ag and in Ag-like ions with Z = 48 − 60 using thirdorder MBPT results for dipole matrix elements and energies. In Table VI , we compare our lifetime data with available experimental measurements. This set of data includes results for a limited number of levels in low-Z ions (up to Z = 54). We give a more complete comparison of the transition rates and wavelengths for the eleven transitions between 5l and 4f states in Ag-like ions with Z = 47− 60 including the third-order contribution in Table III of the accompanying EPAPS document [24] . In Table VI , we present our lifetime data τ calculated in lowest-, second-, and third-order approximations. These results are listed in columns labeled τ (1) , τ (2) , and τ (3) , respectively. The largest difference between the calculations in different approximations occurs for 5d 3/2 and 5d 5/2 levels for Z = 51 and 52 when 5d − 4f transition energies become very small and contributions from the second and third orders become very important. It should be noted that for some levels of neutral Ag and Ag-like ions with Z = 48 and 49, τ (3) agrees better with τ (1) than with τ (2) . The accuracy of lifetime measurements is not very high for Ag-like ions, and in some cases the lowest-order results τ (1) , which are equivalent to the Dirac-Fock results of Cheng and Kim [7] were enough to predict the lifetimes. The more sophisticated theoretical studies published recently in Refs. [4, 5] were restricted to 5s − 5p transitions and did not include wavelength data. In two last columns of Table VI, we compare our theoretical wavelengths, λ (3) with experimental measurements, λ expt . In the cases where more than one transition is allowed, the wavelength of the dominant transition is given. We find good agreement, 0.01 -1%, of our wavelength results with available experimental data for ions with Z > 49.
IV. CONCLUSION
In summary, a systematic RMBPT study of the energies of 5s 1/2 , 5p 1/2 , 5p 3/2 , 5d 3/2 , 5d 5/2 , 4f 5/2 , 4f 7/2 , 5f 5/2 , 5f 7/2 , 5g 7/2 , and 5g 9/2 states in Ag-like ions is presented. These energy calculations are found to be in good agreement with existing experimental energy data and provide a theoretical reference database for the line identification. A systematic relativistic RMBPT study of reduced matrix elements, line strengths, oscillator strengths, and transition rates for the 17 possible 5s−5p, 5p − 5d, 4f − 5d, and 4f − 5g electric-dipole transitions in Ag-like ions throughout the isoelectronic sequence up to Z = 100 is conducted. Both length and velocity forms of matrix elements are evaluated. Small differences between length and velocity-form calculations, caused by the nonlocality of the DF potential, are found in second order. However, including third-order corrections with full RPA leads to complete agreement between the length-and velocity-form results.
We believe that our energies and transition rates will be useful in analyzing existing experimental data and planning new experiments. There remains a paucity of experimental data for many of the higher ionized members of this sequence, both for term energies and for transition probabilities and lifetimes.
